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We numerically investigate the self-diffusion coefficient and correlation length of the rigid clusters
(i.e., the typical size of the collective motions) in sheared soft athermal particles. Here we find
that the rheological flow curves on the self-diffusion coefficient are collapsed by the proximity to the
jamming transition density. This feature is in common with the well-established critical scaling of
flow curves on shear stress or viscosity. We furthermore reveal that the divergence of the correlation
length governs the critical behavior of the diffusion coefficient, where the diffusion coefficient is
proportional to the correlation length and the strain rate for a wide range of the strain rate and
packing fraction across the jamming transition density.
I. INTRODUCTION
Transport properties of soft athermal particles, e.g.
emulsions, foams, colloidal suspensions, and granular ma-
terials, are important in science and engineering technol-
ogy [1]. In many manufacturing processes, these particles
are forced to flow (through pipes, containers, etc.) and
the transportation of “flowing particles” is of central im-
portance for industrial applications [2]. Therefore, there
is a need to understand how the transport properties are
affected by rheological flow properties of soft athermal
particles.
Recently, the rheological flow properties of soft ather-
mal particles have been extensively studied and it has
been revealed that the rheology of such particulate sys-
tems depends not only on strain rate but also on packing
fraction of the particles [3–17]. If the packing fraction φ
is lower than the so-called jamming transition density φJ ,
steady state stress is described by either Newtonian [3, 4]
or Bagnoldian rheology [5–9] (depending on whether par-
ticle inertia is significant or not). If the packing fraction
exceeds the jamming point (φ > φJ), one observes yield
stress at vanishing strain rate [18]. These two trends are
solely determined by the proximity to the jamming tran-
sition |∆φ| ≡ |φ − φJ | [3] and rheological flow curves of
many types of soft athermal particles have been explained
by the critical scaling near jamming [4–15].
On the other hand, the mass transport or self-diffusion
of soft athermal particles seems to be controversial. As
is the rheological flow behavior on shear stress or vis-
cosity, the diffusivity of the particles under shear is also
dependent on both the strain rate and packing fraction.
Its dependence on the shear rate γ˙ is weakened with the
increase of γ˙, i.e. the diffusivity D exhibits a crossover
from a linear scaling D ∼ γ˙ to the sub-linear scaling
D ∼ γ˙q at a characteristic shear rate γ˙c, where the ex-
ponent is smaller than unity, q < 1 [19–26]. For exam-
ple, in molecular dynamics (MD) simulations of Durian’s
bubble model in two dimensions [19, 20] and frictionless
granular particles in three dimensions [21], the diffusiv-
ity varies from D ∼ γ˙ (γ˙ < γ˙c) to D ∼ γ˙0.8 (γ˙ > γ˙c).
These results agree with laboratory experiments of col-
loidal glasses under shear [22, 23] and also suggest that
the diffusivity does not depend on spatial dimensions.
However, another crossover, i.e. from D ∼ γ˙ to D ∼ γ˙1/2,
was suggested by the studies of amorphous solids (though
the scaling D ∼ γ˙1/2 is the asymptotic behavior in rapid
flows γ˙  γ˙c) [24–26]. In addition, it was found in
MD simulations of soft athermal disks that in a suffi-
ciently small flow rate range, the diffusivity changes from
D ∼ γ˙ (φ < φJ) to γ˙0.78 (φ ' φJ) [27], implying that the
crossover shear rate γ˙c vanishes as the system approaches
jamming from below φ→ φJ .
Note that the self-diffusion of soft athermal particles
shows a clear difference from the diffusion in glass; no
plateau is observed in (transverse) mean square displace-
ments (MSDs) [19, 21, 24–27]. The absence of sub-
diffusion can be also seen in quasi-static simulations
(γ˙ → 0) of soft athermal disks [28] and MD simulations of
granular materials sheared under constant pressure [29].
Because the self-diffusion can be associated with collec-
tive motions of soft athermal particles, researchers have
analyzed spatial correlations of velocity fluctuations [3]
or non-affine displacements [30] of the particles under
shear. Characteristic sizes of collectively moving regions,
i.e. rigid clusters, are then extracted as functions of γ˙ and
φ, however, there is a lack of consensus on the scaling of
the sizes. For example, the size of rigid clusters ξ diverges
as the shear rate goes to zero γ˙ → 0 so that the power-
law scaling ξ ∼ γ˙−s was suggested, where the exponent
varies from s = 0.23 to 0.5 depending on numerical mod-
els and flow conditions [21, 29]. The dependence of the
rigid cluster size on packing fraction is also controver-
sial. If the system is below jamming, critical scaling of
the size is given by ξ ∼ |∆φ|−w, where different expo-
nents (in the range between 0.5 ≤ w ≤ 1.0) have been
reported by various simulations [3, 30, 31]. In contrast,
if the system is above jamming, the size becomes insen-
sitive to the packing fraction (or exceeds the system size
L) as only L is the relevant length scale, i.e. ξ ∼ L, in a
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2quasi-static regime [4, 24–26]. From a scaling argument,
a relation between the diffusivity and size of rigid clusters
was proposed as
D ∼ d0ξγ˙ , (1)
where d0 is the particle diameter [29]. It seems that pre-
vious results above jamming, i.e. as γ˙ is increased, D/γ˙
changes from constant to γ˙−1/2 and corresponding ξ un-
dergoes from L to γ˙−1/2, support this argument [24–26].
However, the link between the diffusivity and rigid clus-
ters below jamming is still not clear.
In this paper, we study the self-diffusion of soft ather-
mal particles and the size of rigid clusters. The parti-
cles are driven by simple shear flows and their fluctuat-
ing motions around a mean velocity field are numerically
calculated. From numerical results, we extract the diffu-
sivity of the particles and explain its dependence on the
control parameters (i.e. γ˙ and φ). We investigate wide
ranges of the control parameters in order to unify our un-
derstanding of the diffusivity in both fast and slow flows,
and both below and above jamming. Our main result
is critical scaling of the diffusivity D, which parallels the
critical scaling of the size of rigid clusters ξ. We find that
the linear relation between the diffusivity and size [Eq.
(1)] holds over the whole ranges of γ˙ and φ if finite-size
effects are not important. In the following, we show our
numerical method in Sec. II and numerical results in Sec.
III. In Sec. IV, we discuss and conclude our results and
outlook for future.
II. METHODS
We perform MD simulations of two-dimensional disks.
In order to avoid crystallization of the system, we ran-
domly distribute an equal number of small and large disks
(with diameters dS and dL = 1.4dS) in a L × L square
periodic box [32]. The total number of disks is N = 8192
and the packing fraction of the disks φ is controlled
around the jamming transition density φJ ' 0.8433 [3].
We introduce an elastic force between the disks, i and j,
in contact as f eij = kδijnij , where k is the stiffness and
nij ≡ rij/|rij | with the relative position rij ≡ ri − rj
is the normal unit vector. The elastic force is linear in
the overlap δij ≡ Ri + Rj − |rij | > 0, where Ri (Rj) is
the radius of the disk i (j). We also add a damping force
to every disk as fdi = −η {vi − u(ri)}, where η, vi, and
u(r) are the damping coefficient, velocity of the disk i,
and external flow field, respectively. Note that the stiff-
ness and damping coefficient determine a time scale as
t0 ≡ η/k.
To simulate simple shear flows of the system, we im-
pose the external flow field u(r) = (γ˙y, 0) under the
Lees-Edwards boundary condition [33], where γ˙ is the
shear rate. Then, we describe motions of the disks by
overdamped dynamics [3, 4, 11], i.e.
∑
j 6=i f
e
ij + f
d
i = 0,
where we numerically integrate the disk velocity vi =
u(ri) + η
−1∑
j 6=i f
el
ij with a time increment ∆t = 0.1t0.
In the following, we analyze the data in a steady state,
where shear strain applied to the system is larger than
unity. In addition, we scale every time and length by t0
and the mean disk diameter d0 ≡ (dS + dL)/2, respec-
tively.
III. RESULTS
In this section, we show our numerical results of the
self-diffusion of soft athermal particles (Sec. III A). We
also extract rigid clusters from numerical data in order
to relate their sizes to the diffusivity (Sec. III B). We
explain additional data of the rheology and non-affine
displacements in Appendixes.
A. Diffusion
We analyze the self-diffusion of soft athermal particles
by the transverse component of mean squared displace-
ment (MSD) [25–27, 29],
∆(τ)2 =
〈
1
N
N∑
i=1
∆yi(τ)
2
〉
. (2)
Here, ∆yi(τ) is the y-component of particle displacement
and the ensemble average 〈. . . 〉 is taken over different
choices of the initial time (see Appendix B for the detail)
[34]. Figure 1 displays the MSDs [Eq. (2)] with differ-
ent values of (a) φ and (b) γ˙. The horizontal axes are
the time interval scaled by the shear rate, γ ≡ γ˙τ , i.e.
the shear strain applied to the system for the duration
τ . As can be seen, every MSD exhibits a crossover to the
normal diffusive behavior, ∆(τ)2 ∼ γ˙τ (dashed lines),
around a crossover strain γ = γc ' 1 regardless of φ and
γ˙. The MSDs below jamming (φ < φJ) monotonously
increase with the increase of packing fraction, while they
(almost) stop increasing once the packing fraction ex-
ceeds the jamming point (φ > φJ) [Fig. 1(a)]. The de-
pendence of MSDs on the shear rate is monotonous; their
heights decrease with the increase of γ˙ [Fig. 1(b)]. These
trends well correspond with the fact that the non-affine
displacements are amplified in slow flows of dense sys-
tems, i.e. γ˙t0  1 and φ > φJ [35]. In addition, differ-
ent from thermal systems under shear [14, 36, 37], any
plateaus are not observed in the MSDs. Therefore, nei-
ther “caging” nor “sub-diffusion” of the particles exists
in our sheared athermal systems [21, 28, 38].
To quantify the normal diffusion of the disks, we intro-
duce the diffusivity (or diffusion coefficient) as [39]
D = lim
τ→∞
∆(τ)2
2τ
. (3)
Figure 2(a) shows double logarithmic plots of the diffu-
sivity [Eq. (3)] over the shear rate D/γ˙, where symbols
represent the packing fraction φ (as listed in the legend).
3FIG. 1. The transverse MSDs ∆2 [Eq. (2)] as functions of
the shear strain γ ≡ γ˙τ . (a) The packing fraction φ increases
as indicated by the arrow and listed in the legend, where the
shear rate is γ˙ = 10−6t−10 . (b) The shear rate γ˙ increases
as indicated by the arrow and listed in the legend, where the
packing fraction is φ = 0.84.
The diffusivity over the shear rate increases with φ. If the
system is above jamming φ > φJ , it is a monotonously
decreasing function of γ˙. On the other hand, if the sys-
tem is below jamming φ < φJ , it exhibits a crossover
from plateau to a monotonous decrease around a charac-
teristic shear rate, e.g. γ˙0t0 ' 10−3 for φ = 0.80 [25, 26].
In Appendix A, we have demonstrated scaling collapses
of rheological flow curves [3]. Here, we also demonstrate
scaling collapses of the diffusivity. As shown in Fig.
2(b), all the data are nicely collapsed [40] by the scal-
ing exponents, λ = 1.0 and ν = 4.0. If the shear rate is
smaller than a characteristic value as γ˙/|∆φ|ν . 104, i.e.
γ˙ < γ˙c ' 104|∆φ|ν , the data below jamming (φ < φJ)
are constant. However, the data above jamming (φ > φJ)
show the power-law decay, where the slope is approx-
imately given by −0.3 (solid line). Therefore, we de-
scribe the diffusivity in a quasi-static regime (γ˙ < γ˙c) as
|∆φ|λD/γ˙ ∼ G±(γ˙/|∆φ|ν), where the scaling functions
are given by G−(x) ∼ const. for φ < φJ and G+(x) ∼
x−0.3 otherwise. On the other hand, if γ˙ > γ˙c, all the
data follow a single power law (dotted line). This means
that the scaling functions are given by G±(x) ∼ x−z in a
plastic flow regime (γ˙ > γ˙c), where the diffusivity scales
as D ∼ γ˙|∆φ|−λG±(γ˙/|∆φ|ν) ∼ γ˙1−z|∆φ|νz−λ. Because
this scaling should be independent of whether the sys-
tem is below or above jamming, i.e. independent of |∆φ|,
the power-law exponent is given by z = λ/ν = 1/4 as
confirmed in Fig. 2(b).
FIG. 2. (a) The diffusivity over the shear rate, D/γ˙, as a
function of γ˙, where φ increases as indicated by the arrow and
listed in the legend. (b) Scaling collapses of the diffusivity,
where ∆φ ≡ φ − φJ . The critical exponents are given by
λ = 1.0 and ν = 4.0, where slopes of the dotted and solid
lines are −λ/ν and −0.3, respectively.
In summary, the diffusivity of the disks scales as
D ∼
{
|∆φ|−λγ˙ (φ < φJ)
|∆φ|0.3ν−λγ˙0.7 (φ > φJ) (4)
in the quasi-static regime (γ˙ < γ˙c) and
D ∼ γ˙1−λ/ν (5)
in the plastic flow regime (γ˙ > γ˙c), where the critical
exponents are estimated as λ = 1.0 and ν = 4.0. From
Eqs. (4) and (5), we find that the diffusivity below jam-
ming (φ < φJ) is linear in the shear rate D ∼ γ˙ in slow
flows, whereas its dependence on the shear rate is alge-
braic D ∼ γ˙3/4 in fast flows. A similar trend has been
found in molecular dynamics studies of simple shear flows
below jamming [21, 27, 38] and experiments of colloidal
glasses under shear [23]. In addition, the proportion-
ality for the diffusivity below jamming diverges at the
4transition as |∆φ|−1 [Eq. (4)], which we will relate to a
length scale diverging as the system approaches jamming
from below (Sec. III B). The diffusivity above jamming
(φ > φJ) implies the crossover from D ∼ |∆φ|0.2γ˙0.7
to γ˙3/4 = γ˙0.75, which reasonably agrees with the prior
work on soft athermal disks under shear [27]. Interest-
ingly, the crossover shear rate vanishes at the transition
as γ˙c ∼ |∆φ|4.0, which is reminiscent of the fact that the
crossover from the Newtonian or yield stress to the plas-
tic flow vanishes at the onset of jamming (see Appendix
A).
B. Rigid clusters
We now relate the diffusivity to rigid clusters of soft
athermal particles under shear. The rigid clusters rep-
resent collective motions of the particles which tend to
move in the same direction [35]. According to the lit-
erature of jamming [3, 4, 41], we quantify the collec-
tive motions by a spatial correlation function C(x) =
〈vy(xi, yi)vy(xi + x, yi)〉, where vy(x, y) is the transverse
velocity field and the ensemble average 〈. . . 〉 is taken
over disk positions and time (in a steady state). Figure
3 shows the normalized correlation function C(x)/C(0),
where the horizontal axis (x-axis) is scaled by the mean
disk diameter d0. As can be seen, the correlation func-
tion exhibits a well-defined minimum at a characteristic
length scale x = ξ (as indicated by the vertical arrow for
the case of φ = 0.84 in Fig. 3(a)). Because the mini-
mum is negative C(ξ) < 0, the transverse velocities are
most “anti-correlated” at x = ξ. Therefore, if we assume
that the rigid clusters are circular, their mean diameter
is comparable in size with ξ [29]. The length scale ξ in-
creases with the increase of φ [Fig. 3(a)] but decreases
with the increase of γ˙ [Fig. 3(b)]. These results are con-
sistent with the fact that the collective behavior is most
enhanced in slow flows of dense systems [35].
As reported in Ref. [3], we examine critical scaling of
the length scale. Figure 4(a) displays scaling collapses
of the data of ξ, where the critical exponents, λ = 1.0
and ν = 4.0, are the same with those in Fig. 2(b). If the
shear rate is smaller than the characteristic value, i.e. γ˙ <
γ˙c ' 104|∆φ|ν , the data below jamming (φ < φJ) exhibit
plateau, whereas those above jamming (φ > φJ) diverge
with the decrease of shear rate. Therefore, if we assume
that the data above jamming follow the power-law with
the slope −0.4 (solid line), the length scale in the quasi-
static regime (γ˙ < γ˙c) can be described as |∆φ|λξ ∼
J±(γ˙/|∆φ|ν) with the scaling functions, J−(x) ∼ const.
for φ < φJ and J+(x) ∼ x−0.4 otherwise. Note that,
however, the length scale is limited to the system size L
[shaded region in Fig. 4(a)] and should be scaled as ξ ∼ L
above jamming in the quasi-static limit γ˙ → 0 [4, 25,
30]. This means that the system size is the only relevant
length scale [42] and thus we conclude ξ ∼ L in slow
flows of jammed systems. On the other hand, if γ˙ > γ˙c,
all the data are collapsed onto a single power law [dotted
FIG. 3. Normalized spatial correlation functions of the trans-
verse velocities C(x)/C(0), where symbols are as in Fig. 1. (a)
The packing fraction φ increases as indicated by the arrow and
listed in the legend, where γ˙ = 10−6t−10 . The minimum of the
data for φ = 0.84 is indicated by the vertical (gray) arrow.
(b) The shear rate γ˙ increases as indicated by the arrow and
listed in the legend, where φ = 0.84.
line in Fig. 4(a)]. Therefore, the scaling functions are
given by J±(x) ∼ x−z such that the length scale scales as
ξ ∼ γ˙−z|∆φ|νz−λ. Because this relation is independent
of |∆φ|, the exponent should be z = λ/ν as confirmed in
Fig. 4(a).
In summary, the length scale, or the mean size of rigid
clusters, scales as
ξ ∼
{
|∆φ|−λ (φ < φJ)
L (φ > φJ)
(6)
in the quasi-static regime (γ˙ < γ˙c) and
ξ ∼ γ˙−λ/ν (7)
in the plastic flow regime (γ˙ > γ˙c), where the critical
exponents, λ and ν, are the same with those for the dif-
fusivity [Eqs. (4) and (5)]. The critical divergence below
jamming in the quasi-static regime, i.e. ξ ∼ |∆φ|−1 [Eq.
(6)], is consistent with the result of quasi-static simula-
tions (γ˙ → 0) of sheared athermal disks [30]. In addition,
the scaling ξ ∼ γ˙−1/4 in the plastic flow regime [Eq. (7)]
is very close to the prior work on athermal particles under
shear [21].
From the results of the diffusivity [Eqs. (4) and (5)]
and length scale [Eqs. (6) and (7)], we discuss how the
rigid clusters contribute to the diffusion of the particles.
The linear relation D ∼ d0ξγ˙ [Eq. (1)] holds below jam-
ming (regardless of γ˙) and in the plastic flow regime (re-
5FIG. 4. (a) Scaling collapses of the length scale ξ, where
∆φ ≡ φ − φJ and φ increases as listed in the legend. The
critical exponents are λ = 1.0 and ν = 4.0 as in Fig. 2(b),
where slopes of the dotted and solid lines are given by −λ/ν
and −0.4, respectively. The shaded region exceeds the system
size |∆φ|λL/2 for the case of φ = 0.90. (b) Scatter plots of
the diffusivity over the shear rate D/γ˙ and the length scale
ξ, where φ increases as listed in the legend. The dotted line
represents a linear relation D/γ˙ ∼ ξ and the shaded region
exceeds the system size L/2 ' 44d0.
gardless of φ). We stress that the divergence of the dif-
fusivity over the shear rate in the quasi-static regime,
i.e. D/γ˙ ∼ |∆φ|−1 [Eq. (4)], is caused by the diverging
length scale below jamming, i.e. ξ ∼ |∆φ|−1 [Eq. (6)].
As shown in Fig. 4(b), the linear relation (dotted line)
well explains our results if the length scale ξ is smaller
than 10d0. If the system is above jamming, the length
scale increases (more than 10d0) with the increase of φ.
However, the diffusivity over the shear rate D/γ˙ starts
to deviate from the linear relation (dotted line) and the
length scale reaches the system size L/2 ' 44d0 (shaded
region). We conclude that this deviation is caused by
finite-size effects and further studies of different system
sizes are necessary (as in Refs. [25, 26]) to figure out the
relation between D/γ˙ and ξ in this regime, which we
postpone as a future work.
IV. DISCUSSIONS
In this study, we have numerically investigated rhe-
ological and transport properties of soft athermal par-
ticles under shear. Employing MD simulations of two-
dimensional disks, we have clarified how the rheology,
self-diffusion, and size of rigid clusters vary with the con-
trol parameters, i.e. the externally imposed shear rate γ˙
and packing fraction of the disks φ.
Our main result is the critical scaling of the diffusivity
(Sec. III A) and size of rigid clusters (Sec. III B), where
their dependence on both γ˙ and φ is reported [Eqs. (4),
(5), (6), and (7)]. The diffusivity has been calculated
on both sides of jamming (by a single numerical proto-
col) to unify the understanding of self-diffusion of soft
particulate systems: We found that (i) the diffusivity be-
low jamming exhibits a crossover from the linear scaling
D ∼ γ˙ to the power-law D ∼ γ˙3/4. Such a crossover
can be also seen in previous simulations [19–21] and ex-
periments [22, 23]. In addition, (ii) the diffusivity below
jamming diverges as D ∼ |∆φ|−1 if the system is in the
quasi-static regime (γ˙ < γ˙c), whereas (iii) the diffusivity
(both below and above jamming) is insensitive to φ if the
system is in the plastic flow regime (γ˙ > γ˙c). Note that
(iv) the crossover shear rate vanishes at the onset of jam-
ming as γ˙c ∼ |∆φ|4.0. These results (ii)-(iv) are the new
findings of this study. On the other hand, we found that
(v) the diffusivity above jamming is weakly dependent
on φ (as D ∼ |∆φ|0.2) in the quasi-static regime and (vi)
shows a crossover from D ∼ γ˙0.7 to γ˙3/4. Though the re-
sult (v) is the new finding, the result (vi) contrasts with
the prior studies of sheared amorphous solids and granu-
lar materials under constant pressure, where the diffusiv-
ity exhibits a crossover from D ∼ γ˙ to γ˙1/2 [25, 26, 29].
Because our scaling D ∼ γ˙0.7 in the quasi-static regime
is consistent with Ref. [27], where the same overdamped
dynamics are used, we suppose that the discrepancy is
caused by numerical models or flow conditions.
We have also examined the relation between the diffu-
sivity and typical size of rigid clusters ξ (Sec. III B). Be-
low jamming, we found the critical divergence ξ ∼ |∆φ|−1
in the quasi-static regime as previously observed in quasi-
static simulations (γ˙ → 0) of sheared athermal disks
[30]. In the plastic flow regime, the size becomes inde-
pendent of φ and scales as ξ ∼ γ˙−1/4. This is consistent
with the previous result of sheared athermal particles [21]
(and is also close to the result of thermal glasses under
shear [37]). Above jamming, however, the size exhibits a
crossover from ξ ∼ L to γ˙−1/4 which contrasts with the
crossover from ξ ∼ const. to γ˙−1/2 previously reported
in simulations of amorphous solids [25, 26, 29]. From
our scaling analyses, we found that the linear relation
D ∼ d0ξγ˙ [Eq. (1)] holds below jamming (for ∀γ˙) and
in the plastic flow regime (for ∀φ), indicating that the
self-diffusion is enhanced by the rotation of rigid clusters
6[3, 29].
In our MD simulations, we fixed the system size to
L ' 88d0. However, systematic studies of different sys-
tem sizes are needed to clarify the relation between D
and ξ ∼ L above jamming, especially in the quasi-static
limit γ˙ → 0 [25, 26]. In addition, our analyses are lim-
ited to two dimensions. Though previous studies suggest
that the diffusivity is independent of the dimensional-
ity [19–21], a recent study of soft athermal particles re-
ported that the critical scaling of shear viscosity depends
on dimensions [43]. Therefore, it is important to check
whether the critical scaling [Eqs. (4) and (5)] is different
(or not) in three-dimensional systems. Because we ob-
served qualitative difference from the results of sheared
amorphous solids and granular materials under constant
pressure [25, 26, 29], further studies of different numer-
ical models and flow conditions are necessary to com-
plete our understanding of self-diffusion of soft athermal
particles. Moreover, the relation between the diffusivity
and shear viscosity may be interesting because it gives a
Stokes-Einstein like relation for the non-equilibrium sys-
tems studied here.
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Appendix A: Rheology
The rheology of soft athermal particles is dependent
on both the shear rate γ˙ and area fraction φ [3, 4, 11].
Figure 5 displays our numerical results of flow curves,
i.e. (a) the pressure p and (b) shear stress σ as functions
of the shear rate γ˙. Here, different symbols represent
different values of φ (as listed in the legend of (a)). The
pressure and shear stress are defined as p = (τxx+τyy)/2
and σ = −τxy, respectively, where the stress tensor is
given by the virial expression
ταβ =
1
L2
∑
i
∑
j (>i)
f eijαrijβ (A1)
(α, β = x, y) with the α-component of elastic force f eijα
and the β-component of relative position rijβ . As shown
in Fig. 5, both the pressure and shear stress exhibit the
Newtonian behavior, i.e. they are proportional to the
shear rate, p ∼ γ˙ and σ ∼ γ˙ (dotted lines), only if
the area fraction is lower than the jamming transition
density (φ < φJ) and the shear rate is small enough
(γ˙t0 . 10−4). However, a finite yield stress, pY > 0 and
FIG. 5. Flow curves, i.e. (a) the pressure p and (b) shear
stress σ as functions of the shear rate γ˙. The area fraction φ
increases as indicated by the arrow (listed in the legend) in
(a). The dotted lines represent the Newtonian behavior, i.e.
(a) p ∼ γ˙ and (b) σ ∼ γ˙, for low area fractions, φ < φJ , where
φJ ' 0.8433 is the jamming transition density.
σY > 0, emerges in the zero shear limit γ˙ → 0 if the
system is above jamming (φ > φJ).
In the literature of jamming [3, 4, 11], rheological flow
curves are collapsed by critical scaling. This means that
the crossover from the Newtonian behavior (p ∼ γ˙ and
σ ∼ γ˙) or the yield stress (p ∼ pY and σ ∼ σY ) to
plastic flow regime vanishes as the system approaches
jamming φ → φJ . To confirm this trend, we col-
lapse the data in Fig. 5 by the proximity to jamming
|∆φ| ≡ |φ − φJ | as in Fig. 6. Though the critical expo-
nents are slightly different, i.e. κp = 1.1 and µp = 3.5 for
the pressure [Fig. 6(a)] and κσ = 1.2 and µσ = 3.3 for
the shear stress [Fig. 6(b)], all the data are nicely col-
lapsed on top of each other. If the shear rate is small
enough, the data below jamming (φ < φJ) follow the
lower branch, whereas the data above jamming (φ > φJ)
are almost constant. Therefore, the pressure and shear
stress can be described as p/|∆φ|κp ∼ F±(γ˙/|∆φ|µp) and
7FIG. 6. Scaling collapses of (a) the pressure and (b) shear
stress, where ∆φ ≡ φ− φJ is the proximity to jamming. See
the text for critical exponents, κp, µp, κσ, and µσ, where the
dotted lines have the slopes (a) κp/µp and (b) κσ/µσ.
σ/|∆φ|κσ ∼ F±(γ˙/|∆φ|µσ ) with the scaling functions,
F−(x) ∼ x for φ < φJ and F+(x) ∼ const. for φ > φJ .
On the other hand, if the shear rate is large enough,
the system is in plastic flow regime, where all the
data (both below and above jamming) follow a sin-
gle power law (dotted lines in Fig. 6). This im-
plies that the scaling functions are given by F±(x) ∼
xz (for both φ < φJ and φ > φJ) with a power-
law exponent z. Then, the pressure and shear stress
scale as p ∼ |∆φ|κpF±(γ˙/|∆φ|µp) ∼ γ˙z|∆φ|κp−µpz and
σ ∼ |∆φ|κσF±(γ˙/|∆φ|µσ ) ∼ γ˙z|∆φ|κσ−µσz, respectively.
These scaling relations should be independent of whether
the system is below or above jamming, i.e. independent of
|∆φ|. Thus, the power-law exponent is z = κp/µp ' 0.31
for the pressure and z = κσ/µσ ' 0.36 for the shear
stress as confirmed in Fig. 6 (dotted lines). Note that
the scaling collapses in Fig. 6 also confirm that the jam-
ming transition density φJ ' 0.8433 is correct in our
sheared systems [3].
In summary, the rheological flow properties of the disks
are described as
p ∼
{
|∆φ|κp−µp γ˙ (φ < φJ)
|∆φ|κp (φ > φJ) , (A2)
σ ∼
{
|∆φ|κσ−µσ γ˙ (φ < φJ)
|∆φ|κσ (φ > φJ) , (A3)
in the quasi-static regime and
p ∼ γ˙κp/µp , (A4)
σ ∼ γ˙κσ/µσ , (A5)
in the plastic flow regime. The critical exponents are esti-
mated as κp = 1.1, µp = 3.5, κσ = 1.2, and µσ = 3.3. In
Eqs. (A2) and (A3), the Newtonian behavior is given by
p ∼ |∆φ|−2.4γ˙ and σ ∼ |∆φ|−2.1γ˙, where the exponents
are comparable to those for viscosity divergence below
jamming [11]. The yield stress vanishes as pY ∼ |∆φ|1.1
and σY ∼ |∆φ|1.2 when the system approaches jamming
from above [Eqs. (A2) and (A3)], which is consistent
with the previous study of two-dimensional bubbles un-
der shear [4]. The scaling in the plastic flow regime,
p ∼ γ˙0.31 and σ ∼ γ˙0.36 [Eqs. (A4) and (A5)], is close to
the prior work on sheared athermal disks [44], indicating
shear thinning as typical for particulate systems under
shear [2].
Appendix B: Non-affine displacements
The self-diffusion of soft athermal particles is also sen-
sitive to both γ˙ and φ. Because our system is homoge-
neously sheared (along the x-direction), the self-diffusion
is represented by fluctuating motions of the disks around
a mean flow. In our MD simulations, the mean ve-
locity field is determined by the affine deformation as
γ˙yex, where ex is a unit vector parallel to the x-axis.
Therefore, subtracting the mean velocity field from each
disk velocity ui(t), we introduce non-affine velocities as
∆ui(t) = ui(t) − γ˙yiex (i = 1, . . . , N). Non-affine dis-
placements are then defined as the time integrals
∆ri(τ) =
∫ ta+τ
ta
∆ui(t)dt , (B1)
where τ is the time interval. Note that the initial time
ta can be arbitrary chosen during a steady state.
It is known that the non-affine displacements [Eq.
(B1)] are sensitive to the rheological flow properties (Sec.
A) [35]. Their magnitude significantly increases if the
packing fraction exceeds the jamming point. In addi-
tion, their spatial distributions become more “collective”
(they tend to align in the same directions with neigh-
bors) with the decrease of the shear rate. This means
that the self-diffusion is also strongly dependent on both
the shear rate and density. Especially, the collective be-
havior of the non-affine displacements implies the growth
of rigid clusters in slow flows γ˙t0  1 of jammed systems
φ > φJ , where the yield stress σ ∼ σY is observed in the
flow curves (Fig. 5).
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